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Abstract
In this paper, applying the theory of semigroups of operators to evolution family and Banach fixed point
theorem, we prove the existence and uniqueness of an (a) almost automorphic (weighted pseudo almost
automorphic) mild solution of the semilinear evolution equation x′(t) = A(t)x(t) + f (t, x(t)) in Banach
space under conditions.
© 2009 Elsevier Inc. All rights reserved.
Keywords: Almost automorphic; Weighted pseudo almost automorphic; Semilinear evolution equation;
Evolution family; Exponentially stable
1. Introduction
Almost automorphic functions are more general than almost periodic functions and they were
introduced by Bochner. For more details about this topics we refer to the recent book [17] where
the author gave an important overview about the theory of almost automorphic functions and their
applications to differential equations. Almost automorphic solutions in the context of differential
equations had been studied by several authors [10–12,16]. N’Guérékata [9] and Xiao [13,19,20]
✩ Supported by the Science and Technology Foundation of China University of Mining and Technology (No.
OK060156).
* Corresponding author.
E-mail addresses: ljhcumt@163.com (J.-h. Liu), songxiaoqiu@cumt.edu.cn (X.-q. Song).0022-1236/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2009.06.007
J.-h. Liu, X.-q. Song / Journal of Functional Analysis 258 (2010) 196–207 197established existence and uniqueness theorems of pseudo almost automorphic solutions to some
semilinear abstract differential equations. Recently, N’Guérékata [3] introduced the concept of
weighted pseudo almost automorphic, which generalizes the one of weighted pseudo almost
periodicity [4–7,21], and the author proved some interesting properties of the space of weighted
pseudo almost automorphic functions like the completeness and the composition theorem, which
have many applications in the context of differential equations.
The purpose of this paper is to deal with the existence and uniqueness of an (a) almost
automorphic (weighted pseudo almost automorphic) mild solution of the following semilinear
evolution equation in a Banach space X
x′(t) = A(t)x(t)+ f (t, x(t)), t ∈ R, x ∈ J, (1)
where J ∈ {AA(X),WPAA(R,ρ)}, AA(X)(WPAA(R,ρ)) is the set of all almost automorphic
(weighted pseudo almost automorphic) functions from R to X and the family {A(t), t ∈ R} of
operators in X generates an exponentially stable evolution family {U(t, s), t  s}.
2. Preliminaries
In this section we recall some definitions and fix notations which will be used in the sequel.
We assume that X is a Banach space endowed with the norm ‖ · ‖. N, R and C stand for the
sets of positive integer, real and complex numbers. We denote by B(X) the Banach space of all
bounded linear operators from X to itself. Cb(R,X)(Cb(R × X,X)) is the space of all bounded
continuous functions from R to X (R×X to X). U stands for the collection of functions (weights)
ρ : R → (0,∞), which are locally integrable over R with ρ > 0 (a.e.). For a given r > 0 and each
ρ ∈ U, set
m(r,ρ) =
r∫
−r
ρ(x) dx.
Let U∞ denote the set of all ρ ∈ U with limr→∞ m(r,ρ) = ∞ and Ub denote the set of all
ρ ∈ U∞ such that ρ is bounded with infx∈R ρ(x) > 0. {U(t, s), t  s} is an exponentially stable
evolution family, if there exists M  1 and δ > 0 such that
∥∥U(t, s)∥∥Me−δ(t−s), for t  s.
Definition 2.1. A continuous function f : R → X is said to be almost automorphic if
for every sequence of real numbers {sn}n∈N, there exists a subsequence {τn}n∈N such that
limm→∞ limn→∞ f (t + τn − τm) = f (t), for each t ∈ R. This limit means that g(t) =
limn→∞ f (t + τn) is well defined for each t ∈ R, and limn→∞ g(t − τn) = f (t), for each t ∈ R.
Denote by AA(X) the set of all such functions.
Definition 2.2. A continuous function f : R×X → X is said to be almost automorphic if f (t, x)
is almost automorphic for each t ∈ R uniformly for all x ∈ K , where K is any bounded subset
of X. That is to say, for every sequence of real numbers {sn}n∈N, we can extract a subsequence
{τn}n∈N such that g(t, x) = limn→∞ f (t + τn, x) is well defined for each t ∈ R for all x ∈ K ,
and limn→∞ g(t − τn, x) = f (t, x) for each t ∈ R and x ∈ K .
Denote by AA(R ×X,X) the set of all such functions.
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by
‖f ‖AA(X) = sup
t∈R
∥∥f (t)∥∥.
Lemma 2.4. (See [15].) Assume that f : R → X is almost automorphic, then f is bounded.
Lemma 2.5. (See [8].) Let f : R × X → X be almost automorphic in t ∈ R, x ∈ X and assume
that f (t, x) satisfies a Lipschitz condition in x uniformly in t ∈ R. Then x(t) ∈ AA(X) implies
f (t, x(t)) ∈ AA(X).
Set
PAA0(X) =
{
ϕ(t) ∈ Cb(R,X): lim
r→∞
1
2r
r∫
−r
∥∥ϕ(t)∥∥dt = 0
}
;
PAA0(R ×X,X) =
⎧⎪⎪⎨
⎪⎪⎩
ϕ(t, x) ∈ Cb(R ×X,X): lim
r→∞
1
2r
r∫
−r
∥∥ϕ(t, x)∥∥dt = 0
uniformly for x in any bounded subset of X
⎫⎪⎪⎬
⎪⎪⎭ .
Definition 2.6. (See [14].) A continuous function f : R → X(R × X → X) is said to be pseudo
almost automorphic if it can be decomposed as
f = g + ϕ,
where g ∈ AA(X)(AA(R ×X,X)) and ϕ ∈ PAA0(X)(PAA0(R ×X,X)).
Denote by PAA(X)(PAA(R ×X,X)) the set of all such functions.
Now for ρ ∈ U∞ define
PAA0(R,ρ) =
{
ϕ(t) ∈ Cb(R,X): lim
r→∞
1
m(r,ρ)
r∫
−r
∥∥ϕ(t)∥∥ρ(t) dt = 0
}
;
PAA0(R ×X,ρ) =
⎧⎪⎪⎨
⎪⎪⎩
ϕ(t, x) ∈ Cb(R ×X,X): lim
r→∞
1
m(r,ρ)
r∫
−r
∥∥ϕ(t, x)∥∥ρ(t) dt = 0
uniformly for x ∈ X
⎫⎪⎪⎬
⎪⎪⎭ .
Definition 2.7. (See [3].) A bounded continuous function f : R → X(R ×X → X) is said to be
weighted pseudo almost automorphic if it can be decomposed as
f = g + ϕ,
where g ∈ AA(X)(AA(R ×X,X)) and ϕ ∈ PAA0(R,ρ)(PAA0(R ×X,ρ)).
Denote by WPAA(R,ρ)(WPAA(R ×X,ρ)) the set of all such functions.
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Lemma 2.9. (See [3].) The decomposition of a weighted pseudo almost automorphic function is
unique for any ρ ∈ Ub .
Lemma 2.10. (See [3].) If ρ ∈ Ub, (WPAA(R,ρ),‖ · ‖WPAA(R,ρ)) is a Banach space with the
supremum norm given by
‖f ‖WPAA(R,ρ) = sup
t∈R
∥∥f (t)∥∥.
Lemma 2.11. (See [3].) Let f = g + ϕ ∈ WPAA(R,ρ) where ρ ∈ U∞, g ∈ AA(R × X,X) and
ϕ ∈ PAA0(R × X,ρ). Assume both f and g are Lipschitzian in x ∈ X uniformly in t ∈ R. Then
x(t) ∈ WPAA(R,ρ) implies f (t, x(t)) ∈ WPAA(R,ρ).
From [1, Theorem 2.3] and [2], we have the following lemma:
Lemma 2.12. Let Σθ = {λ ∈ C: |argλ|  θ} ∪ {0} ⊂ ρ(A(t)), θ ∈ (π2 ,π) if there exist a con-
stant k0 and a set of real numbers α1, α2, . . . , αk,β1, . . . , βk with 0 βi < αi  2, i = 1,2, . . . , k
such that
∥∥A(t)(λ−A(t))−1(A(t)−1 −A(s)−1)∥∥K0 k∑
i=1
(t − s)αi |λ|βi−1,
for t, s ∈ R, λ ∈ Σθ \ {0} and there exists a constant M  0 such that
∥∥(λ−A(t))−1∥∥ M
1 + |λ| , λ ∈ Σθ.
Then there exists a unique evolution family {U(t, s), t  s > −∞}.
Definition 2.13. A mild solution to Eq. (1) is a continuous function x(t) : R → X satisfying
x(t) = U(t, s)(x(s))+
t∫
s
U(t, r)f
(
r, x(r)
)
dr, (2)
for t  s and all s ∈ R.
Remark 2.14. If {U(t, s), t  s > −∞} is exponentially stable, then there exist M  1 and
δ > 0 such that ‖U(t, s)‖Me−δ(t−s), for t  s. When s → −∞, Eq. (2) can be replaced by
x(t) =
t∫
−∞
U(t, s)f
(
s, x(s)
)
ds, t ∈ R.
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In this section we consider the following conditions:
(A1) The function f (t, x) is almost automorphic;
(A2) The function f (t, x) is Lipschitz continuous, that is, there exists a positive number Lf
such that ∥∥f (t, x)− f (t, y)∥∥ Lf ‖x − y‖AA(X),
for all t ∈ R and x, y ∈ AA(X);
(A3) U(t, s), t  s, is an exponentially stable evolution family on X;
(A4) For every sequence of real numbers {sn}n∈N, there exists a subsequence {τn}n∈N and for
any fixed s ∈ R,  > 0, there exists an N ∈ N such that, for all n >N , it follows that∥∥U(t + τn, s + τn)−U(t, s)∥∥ e− δ2 (t−s),
for all t  s ∈ R; Moreover∥∥U(t − τn, s − τn)−U(t, s)∥∥ e− δ2 (t−s),
for all t  s ∈ R.
We define a mapping F by
(Fx)(t) =
t∫
−∞
U(t, s)f
(
s, x(s)
)
ds, t ∈ R.
Lemma 3.1. If x(s) is almost automorphic, then function Fx is almost automorphic.
Proof. First we observe that F is bounded. By condition (A1) and Lemma 2.4, f (t, x(t)) is
almost automorphic and hence it is bounded, we assume that there exists M1 > 0, such that
‖f (t, x(t))‖AA(X) M1. So
∥∥(Fx)(t)∥∥
t∫
−∞
∥∥U(t, s)∥∥∥∥f (s, x(s))∥∥ds 
t∫
−∞
Me−δ(t−s)M1 ds
M1
M
δ
< ∞.
Hence Fx is bounded. Now we show that (Fx)(t) is almost automorphic with respect to
t ∈ R. By condition (A1) the function f (t, x(t)) is almost automorphic, that is f (t, x(t)) ∈
AA(R × X,X) by condition (A2) and Lemma 2.5, f (t, x(t)) ∈ AA(X), we define f (t, x(t)) =
H(t). Now let {sn} ∈ N be an arbitrary sequence of real numbers. Since H(t) ∈ AA(X), there
exists a subsequence {τn}n∈N such that
(H1) g(t) = limn→∞ H(t + τn) is well defined for each t ∈ R;
(H2) limn→∞ g(t − τn) = H(t) for each t ∈ R.
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(Fx)(t + τn) =
t+τn∫
−∞
U(t + τn, s)H(s) ds
=
t∫
−∞
U(t + τn, s + τn)H(s + τn) ds.
So we have
∥∥(Fx)(t + τn)∥∥
t∫
−∞
∥∥U(t + τn, s + τn)∥∥∥∥H(s + τn)∥∥ds

t∫
−∞
Me−δ(t−s)
∥∥H(s + τn)∥∥ds
M1
M
δ
, for all n = 1,2, . . . .
For (H1), for any fixed s ∈ R and  > 0, there exists an N1 ∈ N such that, for all n > N1, it
follows that
∥∥H(s + τn)− g(s)∥∥< .
In addition, by condition (A4), for s and  above, there exists an N2 ∈ N such that, for all
n >N2, it follows that
∥∥U(t + τn, s + τn)−U(t, s)∥∥< e− δ2 (t−s).
Thus, taking N = max{N1,N2}, for all n >N ,
∥∥U(t + τn, s + τn)H(s + τn)−U(t, s)g(s)∥∥ ∥∥U(t + τn, s + τn)−U(t, s)∥∥∥∥H(s + τn)∥∥
+ ∥∥U(t, s)∥∥∥∥H(s + τn)− g(s)∥∥
M1e−
δ
2 (t−s) +Me−δ(t−s).
As n → ∞, we have
U(t + τn, s + τn)H(s + τn) → U(t, s)g(s)
for each s ∈ R fixed and any t  s.
Notice that
∥∥U(t + τn, s + τn)H(s + τn)∥∥Me−δ(t−s)‖H‖, for t  s.
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(Fx)(t + τn) → (Gx)(t) as n → ∞,
where (Gx)(t) = ∫ t−∞ U(t, s)g(s) ds, t ∈ R.
We can show in a similar way that
(Gx)(t − τn) → (Fx)(t) as n → ∞,
for each t ∈ R. This shows that Fx ∈ AA(X). This completes the proof. 
Theorem 3.2. Let f (t, x) and U(t, s) satisfy all the conditions of (A1)–(A4). Then Eq. (1) has
a unique almost automorphic mild solution whenever Lf < δM .
Proof. By Lemma 3.1, we have Fx ∈ AA(X). For x, y ∈ AA(X), it is easy to check that
∥∥(Fx)(t)− (Fy)(t)∥∥=
∥∥∥∥∥
t∫
−∞
U(t, s)f
(
s, x(s)
)
ds −
t∫
−∞
U(t, s)f
(
s, y(s)
)
ds
∥∥∥∥∥

t∫
−∞
∥∥U(t, s)∥∥∥∥f (s, x(s))− f (s, y(s))∥∥ds
 Lf ‖x − y‖AA(X)
t∫
−∞
Me−δ(t−s) ds
= M
δ
Lf ‖x − y‖AA(X).
So we have
∥∥(Fx)(t)− (Fy)(t)∥∥AA(X)  Mδ Lf ‖x − y‖AA(X).
For 0 < M
δ
Lf < 1 and by Banach contraction principle, F has a unique fixed point x ∈
AA(X), such that Fx = x.
Fixing s ∈ R, we have
x(t) =
t∫
−∞
U(t, r)f
(
r, x(r)
)
dr.
Since U(t, s) = U(t, r)U(r, s), for t  r  s (see [18, Chapter 5, Theorem 5.2]), let x(a) =∫ a
−∞ U(a, s)f (s, x(s)) ds. So
U(t, a)x(a) =
a∫
U(t, s)f
(
s, x(s)
)
ds.−∞
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t∫
a
U(t, s)f
(
s, x(s)
)
ds =
t∫
−∞
U(t, s)f
(
s, x(s)
)
ds −
a∫
−∞
U(t, s)f
(
s, x(s)
)
ds
= x(t)−U(t, a)x(a).
So that
x(t) = U(t, s)x(a) +
t∫
a
U(t, s)f
(
s, x(s)
)
ds.
It follows that x(t) satisfies Eq. (2). Hence x(t) is a mild solution of Eq. (1).
In conclusion, x(t) is the unique mild solution to Eq. (1), this completes the proof. 
Remark 3.3. Using arguments similar to those in this paper we can deal with the existence and
uniqueness of an almost automorphic solution for
x′(t) = Ax(t)+ f (t, x(t)), t ∈ R, x ∈ AA(X),
where A is the infinitesimal generator of a C0-semigroup {T (t)}t0. Here our evolution operator
becomes U(t, s) = T (t − s). In this case we have the mild solution given by
x(t) =
t∫
−∞
T (t − s)f (s, x(s))ds, for t ∈ R.
4. Weighted pseudo almost automorphic mild solutions
In this section we consider the following conditions (A3), (A4) and:
(B1) The function f (t, x) is weighted pseudo almost automorphic;
(B2) The function f (t, x) is Lipschitz continuous, that is, there exists a positive number Lf
such that
∥∥f (t, x)− f (t, y)∥∥ Lf ‖x − y‖WPAA(R,ρ),
for all t ∈ R and x, y ∈ WPAA(R,ρ), ρ ∈ U∞.
We also define a mapping V by
(V x)(t) =
t∫
−∞
U(t, s)f
(
s, x(s)
)
ds, t ∈ R.
204 J.-h. Liu, X.-q. Song / Journal of Functional Analysis 258 (2010) 196–207Lemma 4.1. If x(s) is weighted pseudo almost automorphic, then function V x is weighted
pseudo almost automorphic.
Proof. By condition (B1), the function f (t, x(t)) is weighted pseudo almost automorphic, that
is f (t, x(t)) ∈ WPAA(R ×X,ρ), by condition (B2) and Lemma 2.11, f (t, x(t)) ∈ WPAA(R,ρ).
Let
f
(
t, x(t)
)= g(t)+ ϕ(t),
where g ∈ AA(X) and ϕ ∈ PAA0(R,ρ).
Then
(V x)(t) =
t∫
−∞
U(t, s)f
(
s, x(s)
)
ds
=
t∫
−∞
U(t, s)g(s) ds +
t∫
−∞
U(t, s)ϕ(s) ds.
Let
v(t) =
t∫
−∞
U(t, s)g(s) ds and w(t) =
t∫
−∞
U(t, s)ϕ(s) ds.
Similar as in the proof of Lemma 3.1, it follows that v ∈ AA(X). So v is almost automorphic.
In order to show that V x ∈ WPAA(R,ρ), we need to show that w(t) ∈ PAA0(R,ρ), that is, we
need to show that
lim
r→∞
1
m(r,ρ)
r∫
−r
∥∥w(t)∥∥ρ(t) dt = 0.
We have
0 lim
r→∞
1
m(r,ρ)
r∫
−r
∥∥w(t)∥∥ρ(t) dt  lim
r→∞
1
m(r,ρ)
r∫
−r
t∫
−∞
Me−δ(t−s)
∥∥ϕ(s)∥∥ρ(s) ds dt
= lim
r→∞
1
m(r,ρ)
r∫
−r
dt
−r∫
−∞
Me−δ(t−s)
∥∥ϕ(s)∥∥ρ(s) ds
+ lim
r→∞
1
m(r,ρ)
r∫
dt
t∫
Me−δ(t−s)
∥∥ϕ(s)∥∥ρ(s) ds.
−r −r
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I1 = lim
r→∞
1
m(r,ρ)
r∫
−r
dt
−r∫
−∞
Me−δ(t−s)
∥∥ϕ(s)∥∥ρ(s) ds.
By using the Fubini theorem, one has
I1 = lim
r→∞
1
m(r,ρ)
−r∫
−∞
eδs
∥∥ϕ(s)∥∥ds
r∫
−r
Me−δtρ(t) dt
 lim
r→∞
1
m(r,ρ)
sup
t∈R
∥∥ϕ(t)∥∥‖ρ‖L1Loc(R)
(
M
δ
[
e−δr − eδr])
−r∫
−∞
eδs ds
 lim
r→∞
1
m(r,ρ)
sup
t∈R
∥∥ϕ(t)∥∥‖ρ‖L1Loc(R)
(
M
δ2
[
e−2δr − I ]).
Since ϕ(t) is bounded and limr→∞ m(r,ρ) = ∞, then I1 = 0.
Also let
I2 = lim
r→∞
1
m(r,ρ)
r∫
−r
∥∥ϕ(t)∥∥ρ(t) dt
t∫
−r
Me−δ(t−s) ds
= lim
r→∞
1
m(r,ρ)
(
M
δ
e−δ(t−s)
)∣∣∣∣
t
−r
r∫
−r
∥∥ϕ(t)∥∥ρ(t) dt
= lim
r→∞
1
m(r,ρ)
(
M
δ
[
I − e−δ(t+r)])
r∫
−r
∥∥ϕ(t)∥∥ρ(t) dt.
Since −r  t  r and δ > 0, then M
δ
(I − e−δ(t+r)) is bounded. Furthermore, ϕ ∈ PAA0(R,ρ),
then I2 = 0. This completes the proof. 
Theorem 4.2. Let f (t, x) and U(t, s) satisfy all the conditions of (B1), (B2), (A3), (A4) and
0 < M
δ
Lf < 1. Then Eq. (1) has a unique weighted pseudo almost automorphic mild solution.
Proof. By Lemma 4.1, we can see V maps WPAA(R,ρ) into WPAA(R,ρ).
Let x, y ∈ WPAA(R,ρ), and observe
∥∥(V x)(t)− (Vy)(t)∥∥=
∥∥∥∥∥
t∫
−∞
U(t, s)f
(
s, x(s)
)
ds −
t∫
−∞
U(t, s)f
(
s, y(s)
)
ds
∥∥∥∥∥

t∫ ∥∥U(t, s)∥∥∥∥f (s, x(s))− f (s, y(s))∥∥ds
−∞
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t∫
−∞
Me−δ(t−s) ds
 M
δ
Lf ‖x − y‖WPAA(R,ρ).
So we have
∥∥(V x)(t)− (Vy)(t)∥∥WPAA(R,ρ)  Mδ Lf ‖x − y‖WPAA(R,ρ).
For 0 < M
δ
Lf < 1, V is a contractive mapping. By Lemma 2.10, WPAA(R,ρ) is complete.
Therefore, by the Banach fixed point theorem, V has a unique fixed point x ∈ WPAA(R,ρ) such
that V x = x.
Fixing s ∈ R, we have
x(t) =
t∫
−∞
U(t, r)f
(
r, x(r)
)
dr.
Since U(t, s) = U(t, r)U(r, s), for t  r  s (see [18, Chapter 5, Theorem 5.2]), similar as
in the proof of Theorem 3.2, it follows that x(t) satisfies Eq. (2). Hence x(t) is the unique mild
solution of Eq. (1). 
Remark 4.3. When ρ = 1, we can deal with the existence and uniqueness of a pseudo almost
automorphic solution for x′(t) = A(t)x(t)+ f (t, x(t)), t ∈ R, x ∈ PAA(X). In this case we have
the mild solution given by x(t) = ∫ t−∞ U(t, s)f (s, x(s)) ds, for t ∈ R.
Remark 4.4. When U(t, s) = T (t − s), we can deal with the existence and uniqueness of
a weighted pseudo almost automorphic solution for x′(t) = Ax(t) + f (t, x(t)), t ∈ R, x ∈
WPAA(R,ρ), where A is the infinitesimal generator of a C0-semigroup {T (t)}t0. In this case
we have the mild solution given by x(t) = ∫ t−∞ T (t − s)f (s, x(s)) ds, for t ∈ R.
Remark 4.5. When ρ = 1, U(t, s) = T (t − s), we can also deal with the existence and unique-
ness of a pseudo almost automorphic solution for x′(t) = Ax(t)+f (t, x(t)), t ∈ R, x ∈ PAA(X).
In this case we have the mild solution given by x(t) = ∫ t−∞ T (t − s)f (s, x(s)) ds, for t ∈ R.
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